ABSTRACT Source number estimation is one of the key technologies of wireless location, and it is also the basis of parameter estimation and location solution. In order to improve the accuracy of existing non-circular source number estimation and realize underdetermined source number estimation, this paper presents a noncircular source number estimation method based on sparse array. This method firstly uses the non-circular characteristics of received sources to expand the array aperture, then combines the structural characteristics of sparse array to construct a virtual array model, and extracts the response parts of continuous virtual array elements for spatial smoothing processing. Finally, the minimum description length (MDL) method is used to realize the effective estimation of non-circular source number. The complexity analysis and simulation experiments are given, and the results of Monte Carlo experiments show that compared with the traditional source number estimation method, this method can not only improve the accuracy of the source number estimation but also realize the effective estimation of the source number in undetermined conditions. INDEX TERMS Source number estimation, non-circular source, spatial smoothing, virtual array, underdetermined condition.
I. INTRODUCTION
Wireless location technology is one of the core technologies of modern signal processing, which is widely used in radar, sonar, seismic monitoring, intelligent transportation, military targets early warning, logistics control and other fields [1] - [3] . Under the assumption that the number of sources is known, the existing wireless location technology completes the location parameters estimation or the location solution of the target sources using the statistical characteristics of the received sources. Source number estimation is an important step and essential technology of wireless location, and it is also the basis of location parameter calculation and location estimation. At present, source number estimation methods are mainly divided into eigenvalue decomposition methods and information theory methods. The eigenvalue decomposition methods have high accuracy and simple implementation, such as Akaike information criterion (AIC) [4] , minimum description length (MDL) [5] , second order statistic of eigenvalues (SORTE) [6] , property of
The associate editor coordinating the review of this manuscript and approving it for publication was Vincenzo Piuri. the variance of the rotational submatrix (VTRS) [7] and eigen-threshod(ET) [8] al. The source number estimation methods above are mainly based on the eigenvalues of the receiving array, and the array degrees of freedom(DOFs) are small and they are mainly aimed at circular sources (CS).
Non-circular sources (NS) are a special kind of sources relative to circular sources, which contain both in-phase and orthogonal components. The so-called non-circular sources mainly mean that the received signals contain only the in-phase components in the constellation, while the orthogonal component is zero. Compared with circular sources, non-circular sources have more useful information, so the non-circular characteristics can be used to further improve the accuracy of source number estimation, positioning parameter estimation and location solution [9] , [10] . [11] presents a DOA estimation method for non-circular sources, which effectively improves the DOA estimation accuracy. [12] introduces the non-circular characteristics into DOA estimation of distributed sources, and improves the estimation performance of distributed sources. DOA estimation model of non-circular sources are used in [13] - [15] to establish a direct position determination(DPD) model of extended array aperture, which effectively improve the positioning accuracy of non-circular sources and reduce the Cramer-Rao lower bound of DPD for non-circular sources. [16] makes use of the noncircular characteristics to improve the accuracy of source number estimation.
The environment in which the number of physical sensors is greater than the number of sources to be measured is called overdetermined condition. In practical environment, there are often situations where the number of physical sensors is less than the source number, which is called underdetermined condition. Sparse non-uniform arrays have natural advantages in parameter estimation and position calculation under undetermined conditions. Sparse non-uniform array is a special array relative to uniform array. Compared with the uniform linear array (ULA), the element spacing of sparse array is larger than half a wavelength, and the array aperture and the array DOF are significantly expanded [17] . Common sparse arrays are mainly coprime array and nested array. The general structure of sparse coprime array is given in [18] , and the virtual array model based on this array is given. Using the virtual array model of coprime array, the DOA estimation performance can be effectively improved. In [19] , and [20] , the structure of nested arrays is given, and the nested arrays are extended to multi-level cascade. On the basis of coprime array and nested array, an improved sparse array is presented in [21] and [22] , these array adopt the form of multi-level cascade, which can effectively improve the array DOF. In order to make the best use of the noncircular characteristics and improve the array DOF, an array configuration suitable for the non-circular sources is given in [23] . This array is an optimal array configuration for noncircular sources, which can maximize the continuous virtual array aperture of the non-circular sources. In order to improve the accuracy of DOA estimation, [17] , [24] - [28] use nested array and coprime array to estimate the number of sources, which not only improves the accuracy of DOA estimation significantly, but also realizes the effective source number estimation of undetermined conditions.
To further improve the source number estimation accuracy of non-circular sources, this paper presents a source number estimation method for non-circular sources based on sparse array. In this method, firstly, the non-circular characteristics of the received signals are used to expand the array aperture. Secondly, on the basis of sparse array, the virtual array model is constructed to extract the continuous virtual array response. Finally, the spatial smoothing technique and the minimum length description criterion are used to estimate the number of sources. This method can effectively expand the array DOF, improve the accuracy of source number estimation, and realize the effective estimation of source number in undetermined condition.
The rest of this paper is organized as follows: Section II introduces the sparse linear array model. Section III detailed presents the underdetermined source number estimation method for non-circular targets based on sparse array, and gives the complexity analysis. Section IV is the performance analysis and simulation experiments. Section V summarizes this paper.
II. ARRAY MODEL INTRODUCTION
It is assumed that there are D far-field narrow-band target sources in the space that are incident to the receiving array in the form of plane waves. The azimuth information of the target sources are {θ 1 , θ 2 , · · · θ D }, and the source power is
The number of array sensor is M , then
and a(θ i ) is the steering vector
x(k) is the receiving signal vector, s(k) is the sending signal vector, A is the array manifold, n(k) is the additive Gaussian white noise vector with power σ 2 n , k is the number of snapshots, k ∈ {1, 2 · · · K }, d m is the distance between the mth antenna and the first antenna in the array manifold, d m ∈ P, P is the location set of the physical array elements. If the array is sparse array with displaced multistage cascade subarrays (MSC-DiSA) [22] , then
The physical sensor distribution and virtual array distribution of MSC-DiSA are shown in Fig. 1 . The distance of the subarrays L i d is related to the length of the continuous virtual array of the subarrays. If the total number of physical array sensors is M , according to [22] , the location distribution of MSC-DiSA with 12 array sensors is {0, 1, 4, 6, 13, 14, 17, 19, 39, 40, 43, 45}. The sparse array MSC-DiSA can effectively expand the array aperture and improve the array DOF.
III. THE UNDETERMINED METHOD FOR NON-CIRCULAR TARGETS BASED ON SPARSE ARRAY A. METHOD INTRODUCTION
Circular sources are general form of narrow-band signals, non-circular sources are the special signals relative to the circular sources, the circular sources and non-circular sources are defined by the statistical properties of the first-order and second-order. One of the most significant differences between non-circular and circular sources is the elliptic covariance, the elliptic covariance of non-circular sources is not zero, and that of circular sources is zero. The typical non-circular sources include BPSK, AM, ASK and PAM, etc.
Compared with circular sources, non-circular sources retain more useful information, so the use of non-circular characteristics of received signals can effectively improve the accuracy of source number estimation. According to the characteristics of non-circular sources,
with the non-circular advantage of the sources, the array aperture can be extended
and the equivalent array manifold is
, the extended covariance matrix is
R ss is the covariance matrix of sending signals. A is the array manifold of MSC-DiSA of [22] . According to the structure characteristics of sparse array, a virtual array model is constructed, and the received signal covariance matrix is processed by the vectorization
Formula 7 is equivalent to the form of single receiving snapshot for virtual array, H is the array manifold of the virtual array, and the response part of the largest continuous virtual array is extracted from H. The relationship between the maximum continuous virtual array length and the number of elements can be obtained by reference [22] . In this paper, for the convenience of expression, we assume the length of the response part of the continuous virtual array element is 2L+1, the (2L + 1) × D-dimensional uniform array is constructed, so
In order to solve the single snapshot problem, the spatial smoothing technology is adopted for z, and z is distributed in conjugate symmetry, and σ 2 n e is the corresponding noise vector. Therefore, the length of the smoothing segment is set as L+1, so the position distribution of the ith smooth subarray is z i 
Take the statistical average of all covariance of the smoothing subarray, and
Source Number Estimation:
The current source number estimation methods mainly based on the eigenvalue decomposition of the received covariance matrix, and the eigenvalue decomposition of the received non-circular sources covariance matrix is
is the diagonal matrix, and the diagonal elements are the eigenvalues. Sort the eigenvalue from large to small, expressed as:
the eigenvalue corresponding to the source, λ D+1 , · · · , λ L+1 is the eigenvalue corresponding to the noise. Under ideal conditions, λ D+1 = · · · = λ L+1 = σ 2 n , and the source power is much greater than the noise power. According to the existing references, such as [5] , MDL criteria is used to estimate the number of sources,
The source number is the minimum value of the cost function in Formula 17 above, that isD= arg min MDL (D)
B. METHOD STEPS SUMMARY
According to the analysis above, the steps of the method in this paper are summarized as follows:
Algorithm 1
Steps of the Proposed Method 1. The extended array manifold is constructed according to the non-circular characteristics, and then the covariance matrix of the received sources is calculated according to Formula 6. 2. According to the characteristics of sparse array, the covariance matrix of received sources is vectorized to construct a virtual array, as shown in Formula 7.
3. Take the continuous response part of the virtual element, and then use the spatial smoothing method to solve the weighted statistical average covariance matrix, as shown in Formula 15. 4.Eigenvalue decomposition is carried out, and MDL method is used for source number estimation according to Formula 17.
C. COMPLEXITY ANALYSIS
The complexity of the method in this paper mainly comes from three parts, namely, the solution of covariance matrix of non-circular sources, the use of spatial smoothing method and the application of source number estimation method. The solution of covariance matrix of non-circular sources mainly refers to Formula 6, and the computational complexity is O 4K M 2 . The construction of sparse virtual array and the application of spatial smoothing method, the complexity is O (L + 1) 3 ; The complexity of eigenvalue decomposition and source number estimation is O (L + 1)
In conclusion, the computational complexity of this method
IV. SIMULATION RESULTS
This section presents the simulation experiments of the non-circular source number estimation for sparse array in undetermined condition. To measure the performance of source number estimation of this method, the estimation accuracy is simulated, that is, the probability of correct source number estimation under multiple Monte Carlo experiments. ϒ is the number of Monte Carlo. Simulation conditions are set as shown in Table 1 .
A. SIMULATION 1
Distribution of eigenvalues for various methods.
The focus of the source number estimation method is based on the eigenvalues of the received covariance matrix. The existing source number estimation methods are mostly based on the descending grade of the eigenvalue of covariance matrix, and the border of signal subspace corresponding eigenvalue and noise subspace corresponding eigenvalue will be searched. Because the eigenvalue of the signal subspace outweigh that of the noise subspace, so it only need to search for the obvious mutations of the eigenvalue that is border of the signal subspace and noise subspace. To show the performance improvement of the method, the eigenvalue distributions of ULA, MSC-DiSA for direct eigenvalue decomposition and MSC-DiSA for the method of this paper are given respectively, the simulation results are shown in Fig. 2 . From the result we can see that if the sparse array is used for source number estimation directly, the performance of the eigenvalue will be deterioration, namely the eigenvalue changes not obviously in the border of the signal subspace and noise subspace. The adoption of the method in this paper can effectively improves the change slope of eigenvalue at the number of source, which is helpful to estimate the source number.
B. SIMULATION 2
Source number estimation accuracy of different SNRs.
Source number estimation is the premise of DOA and other positioning parameters estimation. The accuracy of source number estimation directly affects the positioning performance. In order to measure the accuracy of source number estimation of this method, the Monte Carlo experiments simulated the accuracy of source number estimation at different SNRs. The comparison methods are SORTE method, VTRS method, ET method, AIC method and MDL method based on ULA and MSC-DiSA. The simulation results are shown in Fig. 3 , it can be seen from the simulation that when the same array is adopted, the performance of VTRS under low SNRs is better, while that is not as good as other estimation methods under high SNRs. This is because VTRS is a biased estimation method. The direct introduction of sparse array does not improve the accuracy of source-number estimation and worsens the estimation results. The proposed method can improve the accuracy of source number estimation effectively.
C. SIMULATION 3
Source number estimation accuracy of different snapshot numbers.
The number of snapshots is an important factor affecting the source number estimation accuracy. Fig. 4 shows the source number estimation performance with the number of snapshots when SNR is 1dB. From the simulation, it can be seen that the probability of source number estimation is effectively improved with the increase of snapshots. Different algorithms have different sensitivity to the number of snapshots. Under the same small snapshots condition, the proposed method can improve the source number estimation accuracy, and the performance is better than that of other methods, and the estimation accuracy is reached 100% with a faster speed.
D. SIMULATION 4
Source number estimation performance of the proposed method in undetermined conditions.
In order to verify the performance of this method, the Monte Carlo experiment simulates the estimation accuracy when the source number is 15. The comparison method is spatial smoothing source number estimation method of circular signals based on the sparse array, and the sparse array is MSC-DiSA array in [22] . The simulation results are shown in Fig. 5 , the results show that the proposed method can effectively estimate the source number in undetermined conditions. At the same time, the non-circular characteristics of the sources improve the source number estimation accuracy, and its performance is higher than that of the circular sources. E. SIMULATION 5 Source number estimation performance with different source numbers.
The effects on the estimation accuracy of different source numbers are simulated in this Monte Carlo experiments. The estimation performance under different source numbers has an important significance to the practical application of this method. The Monte Carlo experiment simulates the estimation accuracy percentage when the SNR is 1dB, the number of snapshots is 2000, and the number of sources varies from 1 to 50. The simulation results are shown in Fig. 6 , according to the simulation results, when the number of sources is less than 20, the method in this paper can basically estimate all the sources number with 100% probability. When the number of sources increases greatly, the estimation accuracy decreases.
V. CONCLUSION
In order to improve the estimation accuracy of non-circular source number, this paper presents a non-circular source number estimation method in underdetermined condition based on sparse array. In this method, firstly, the non-circular characteristics of received sources are utilized to expand the array manifold. Secondly, the structural characteristics of sparse arrays are given full play to construct the virtual array configuration. The continuous response parts of virtual array elements are extracted for the basis of spatial smoothing processing. Finally, the source number estimation is realized by using the MDL principle. The proposed method can not only improve the accuracy of source number estimation, but also realize underdetermined source number estimation. The complexity analysis and simulation experiments are given to verify the effectiveness of the proposed method.
